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Abstract 
Models for tree growth in the literature include spatial models and dynamic models. Spatial models have been mostly restricted 
to Gaussian variograms and comparisons at single time points while dynamic models ignore tree competition due to spatial 
proximity. Here we model tree growth in forest plots with a spatio-temporal covariance structure and compare plots with 
different thinnings. Tree growth is measured by diameter at breast height. A model was fitted using a sum-metric spatio-temporal 
variogram. Fixed effects of age, number of neighbours and polygon area were also considered. Predicted values for models were 
computed using regression-kriging and mean squared error of prediction was used to compare models and thinning strategies. 
Over time the correlation of a single tree followed a wave variogram while the spatio-temporal anisotropy parameter captured the 
changing spatial wave intensity. Thinned plots clearly outperformed unthinned plots in terms of total tree growth. 
© 2015 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of Spatial Statistics 2015: Emerging Patterns committee. 
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1. Introduction 
Sitka spruce is the main tree species in Irish forests accounting for approximately 52% of total forest area. Two 
main existing models for estimating individual tree volume of Irish Sitka spruce are the British Forestry commission 
single tree model and a model that computes volume on a stand basis1. Neither of these models have an explicit 
spatial component.  
The spatial pattern of plants can be considered a realisation of a spatial marked point process. The locations of 
the plants are the points and some characteristic of the plants (e.g. diameter) is the mark2. In a spatial analysis, 
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Pommerening and Särkkä (2013) showed mark variograms of incremental tree diameters of Norway spruce 
(Austria) exhibited negative autocorrelation. Walder and Stoyan (1996) and Stoyan and Wälder (2000), focusing on 
short distances, concluded that the unusual shape of the mark variogram was caused by a high frequency of pairs of 
dominant and suppressed trees at close proximity. 
Suzuki et al. (2008) considered the spatio-temporal pattern of a mixed Abies forest in Japan found similar results 
but analysis was done for each time point separately. This paper develops growth models for Irish Sitka spruce that 
are dynamic and incorporate spatial structure. A spatio-temporal sum-metric model is used to carry this out and 
using cross-validation regression kriging different models are compared. 
2. Methodology 
Three plots representing 40%, 50% and unthinned from a thinning experiment carried out in Co. Wicklow were 
examined as a case study. Thinning involves the removal of lines of trees at intervals of five years beginning when 
the trees are aged 22. Diameter at breast height (DBH) was measured on each tree at these intervals from 1972 to 
1997. There were approximately 166 trees in each plot in 1972. See Fig. 1. 
Tree growth is measured by DBH. A model for tree growth over all locations and time points was fitted using the 
sum-metric spatio-temporal variogram. Models with fixed effects of age, number of neighbours and polygon area 
were also considered. Thinned and unthinned plots were modelled separately as they were not adjacent. Predicted 
values for models were computed using regression-kriging and mean squared error of prediction (MSPE) was used 
to compare models and thinning strategies. Models were fitted using the GSTAT package of Pebesma (2004) in R. 
Let Z(s,t) denote DBH at locations s and time t. The space-time variation of DBH can be characterized by 
decomposing this into a deterministic trend m and a zero-mean stochastic residual ε as follows: 
 
( , ) ( , ) ( , )Z t m t tH s s s                                   (1) 
 
A stationarity assumption is made, which posits that the covariance of ( , )tH s and ( , )+ t uH s h  depends only on the 
distance in space h and distance in time u between the points: i.e. ( , ) ( , )C ,t, + t u C u  s s h h . We use the 'sum-
metric' spatio-temporal covariance structure7 
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where α is an anisotropy ratio introduced to make distance in space comparable to distance in time. The model is  
 
 
Fig. 1. Circle plots showing tree locations with distance given in metres. Circle radii are determined by DBH. Voronoi tessellation is shown by 
the lines. The number of sides of a polygon represents the number of nearest neighbours for the tree contained within it. (a) Plot 18 (unthinned) at 
the last time point (1997). (b) Plot 9 (50% thinned) at the last time point (1997). 
(a) (b) 
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estimated using 1-step generalized least squares. Leave-one-out cross-validation regression kriging at a point (s0,t0) 
is done via 
1
0 0 0 0
ˆ ˆˆ( , ) ( , ) ' ( )Z t t E E  s x s v V Z X                              (3) 
where X is an n × p design matrix of predictor variables at the observation points, x(s0,t0) is a vector of predictors at 
the prediction point, V is an n × n variance-covariance matrix for the n residuals at the observation points, v is a 
vector of covariances between the residuals at observations and the prediction point, and Z is the vector of 
observations Z(si,ti).  
3. Results 
The variogram model which performed best, for each plot, consisted of a wave covariance function for the spatial 
process, the temporal process and the spatio-temporal process. See equation (4) and Fig. 2.  
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where ߪ௡ଵଶ , ߪ௡ଶଶ  and ߪ௡ଷଶ  are the spatial, temporal and joint spatio-temporal nuggets, respectively, ߪଵଶ, ߪଶଶ and ߪଷଶ are 
the respective partial sills and α is the anisotropy ratio. The deterministic trend, m, (equation (1)) was made up of the 
covariates Age, Polygon area and Number of neighbours (Fig. 1) which were significant for each plot. In a spatial 
model only (all time points combined), a wave covariance function also fitted best. A repeated measures regression 
model with these covariates is also fitted for comparison purposes. The models are compared in terms of MSPE in 
Table 1. 
 
 
Fig. 2. Spatio-temporal sample variogram and sum-metric variogram model for transformed residuals of DBH in an unthinned plot (plot 18). 
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Table 1. Fitted models with root mean square prediction error, for plots 18, 5 and 9. Leave-one-out cross-validation (LOOCV) regression 
kriging was carried out on the transformed residuals. The predicted values are back-transformed before calculating the MSPE. 
Description MSPE 
 Plot 18 (0% thinned) Plot 5 (40% thinned) Plot 9 (50% thinned) 
Box-Cox regression with repeated  measures analysis 5.774 6.208 6.508 
Spatial regression kriging (LOOCV) 4.206 4.266 3.969 
Spatio-temporal regression kriging (LOOCV) 4.205 4.264 4.088 
4. Conclusion 
The main objective of spatio-temporal modelling is to not only predict DBH but describe its growth pattern. It 
was seen in both spatial and spatio-temporal models that the variograms for all three plots show a pronounced wave 
effect due to competition between trees as described earlier. The wave had a higher frequency in the unthinned plot 
(Fig. 2) where there is greater natural competition. 
The spatio-temporal model fit to the 50% thinned plot was less accurate for large time lags and this may have 
resulted in over prediction of the total basal area (π×(DBH/2)2) as seen in Fig. 3(b). However, in general, the model 
fitted well, as can be seen in terms of the MSPE (Table 1) and predicted values. The spatial models performed 
almost as well as the spatio-temporal models indicating spatial variability is more important in these plots than 
temporal variability. This was seen in the model parameter estimates where temporal sills are small relative to 
spatial sills. In terms of forest management our results show that 50% thinning optimizes yield. No clear pattern in 
the estimated parameters for different thinning types could be inferred or interpolation for other thinning be 
undertaken. The lack of temporal data may change in future with high resolution satellite or areal imagery or 
LIDAR remote sensing technology facilitating measurement. Further research will focus on extending the class of 
spatio-temporal models beyond the sum-metric. 
 
Fig. 3. Total basal area (BA) of each plot with previous thinnings included (cumulative BA) versus tree age for (a) the observed values and (b) 
the predicted values from spatio-temporal regression kriging. (c) shows the total basal area of each plot with thinnings excluded (standing trees 
only) versus tree age. 
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